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Abstract
Non-manifest symmetries are an important feature of quantum field theories (QFTs), and yet
their characteristics are not fully understood. In particular, the construction of the charge
operators associated with these symmetries is ambiguous. In this paper we adopt a rigorous
axiomatic approach in order to address this issue. It turns out that charge operators of non-
manifest symmetries are not unique, and that although this does not affect their property as
generators of the corresponding symmetry transformations, additional physical input is required
in order to determine how they act on states. Applying these results to the examples of spacetime
translation and Lorentz symmetry, it follows that the assumption that the vacuum is the unique
translationally invariant state is sufficient to uniquely define the charges associated with these
symmetries. In the case of supersymmetry though there exists no such physical requirement,
and this therefore implies that the supersymmetric charge, and hence the supersymmetric space
of states, is not uniquely defined.
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1 Introduction
Non-manifest symmetry is an important feature of quantum field theory (QFT), and yet the
quantisation of these types of symmetries is still not fully understood. In particular, the question
of which features of classical non-manifest symmetries survive quantisation remains unresolved.
Given a classical field theory with fields {ϕa} and Lagrangian density L, a non-manifest sym-
metry is a symmetry for which δL = ∂µB
µ. The corresponding Noether current1 has the form:
jµ =
∂L
∂(∂µϕa)
δϕa − B
µ (1)
and its conservation ∂µj
µ = 0 follows from the Euler-Lagrange equations. Manifest symmetries
are defined by the fact that Bµ ≡ 0, and so the current is canonically determined [1]. But for
non-manifest symmetries Bµ is not defined to vanish, which means that there is the freedom to
redefine Bµ by performing the following improvement transformation2:
Bµ −→ Bµ + ∂ν B˜
[µν] (2)
without changing δL or affecting the conservation of the current. However, because the current
jµ is modified, this freedom implies an ambiguity in the definition of jµ [1]. Since the charges
associated with these currents are defined by Q =
∫
d3x j0(x), improvement terms in the current
become spatial boundary terms
∫
d3x∂iB˜
[0i] in the charges. So if two currents jµ and j˜µ differ
by an improvement term, it follows from Stokes’ theorem that the corresponding charges Q and
Q˜ may be equal if the fields satisfy certain boundary conditions, such as the requirement to
vanish at spatial infinity.
A significant difference between classical and quantum field theories is that quantised fields
are operator-valued distributions, and not functions. An important consequence of this is that
quantised fields are not point-wise defined [3]. The physical motivation for this feature is that
because operators inherently imply a measurement, if a field ϕ(x) were a well-defined operator
then this would represent the performance of a measurement at a single spacetime point x.
However, quantum mechanically this is not possible since this would require an infinite amount
of energy [4]. Instead, one can perform a measurement over a spacetime region U and model this
with the operator ϕ(f) :=
∫
d4x ϕ(x)f(x), which consists of a distribution ϕ smeared with some
test function f with support in U . Quantised fields being operator-valued distributions is one
of a series of axioms which are employed in axiomatic approaches to QFT. Although different
axiomatic schemes have been proposed, these schemes generally consist of a common core set of
axioms including, for example, local (anti-)commutativity and the uniqueness of the vacuum3.
The requirement that these axioms are compatible with the definition of a quantised field is
also another strong motivation for why these fields are distributions as opposed to functions4.
Because of the distributional behaviour of quantised fields, the arguments used to determine the
characteristics of classical non-manifest symmetries are generally no longer valid for QFTs. In
particular, since the spatial boundary terms
∫
d3x∂iB˜
[0i] are operators in the quantised theory,
and imposing boundary conditions on quantised fields is ill-defined [7], the classical reasoning
used to justify when these terms vanish does not apply. Nevertheless, these arguments are still
often cited to explain the vanishing of these terms in QFT [8, 9, 10].
1The Noether current may also have additional indices other than µ, but here we will use jµ for simplicity.
2∂νB˜
[µν] is referred to as an improvement term [2], and [µν] indicates that the indices µ and ν are anti-symmetric.
3See e.g. [3, 4, 5] for a more in-depth discussion.
4Assuming fields ϕ(x) are operator-valued functions, and combining this with certain standard QFT axioms,
implies ∃c ∈ C such that: ϕ(x)|0〉 = c|0〉 ∀x, and hence the fields cannot be non-trivial [6].
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The remainder of this paper is structured as follows: in section 2 we analyse the quantisation
and general characteristics of non-manifest symmetries in QFTs; in section 3 we apply these
findings to specific examples of these symmetries; and finally in section 4 we summarise our
results.
2 Quantum non-manifest symmetries
2.1 Quantisation
As outlined in section 1, spatial boundary operators are an important feature of quantum non-
manifest symmetries. In classical field theories, these spatial boundary terms have the form
B =
∫
d3x ∂iB
i(x), where Bi(x) is some field. However, since quantised fields are distributions,
the quantum analogue of B must involve a smearing with test functions in order to yield a well-
defined operator. Moreover, it is necessary that this smearing is performed both in space and
time, since ∂iB
i(x) is in general not defined at sharp times [11]. The spatial boundary operator
B can thus be written: B =
∫
d4x f(x)∂iB
i(x) = ∂iB
i(f), where f is some test function on
R1,3. As discussed in section 1, the operator B = ∂iB
i(f) represents the performance of a
measurement on the spacetime region supp(f) ⊂ R1,3. Therefore, in order to ensure that B
agrees with the classically-motivated form for B, and is defined on the whole of space, one can
choose without loss of generality [7] that f(x) := α(x0)fR(x), where α ∈ D(R) (supp (α) ⊂
[−δ, δ], δ > 0) and fR ∈ D(R
3) have the following properties:∫
dx0 α(x0) = 1, fR(x) =
{
1, |x| < R
0, |x| > R(1 + ε)
(3)
with ε > 0. Hence the spatial boundary operator B has the explicit form:
B = lim
R→∞
∫
d4x α(x0)fR(x) ∂iB
i(x) . (4)
As well as spatial boundary operators, this same class of test functions can also be used to
rigorously define the quantum variation δF of a (smeared) field operator F under a symmetry
transformation. Given that the symmetry gives rise to the conserved Noether current jµ, δF is
defined as follows [12, 13, 14]:
δF = i [Q,F ]± := lim
R→∞
i [QR, F ]± = lim
R→∞
i
[
j0(αfR), F
]
±
(5)
where QR is a localised expression for the charge generator Q of the symmetry, and [·, ·]± is
either an anti-commutator or commutator depending on the spin of Q and F .
It turns out that the definitions for both B and δF are not completely sufficient to ensure that
these operators are always well-defined. One also requires that the algebra of fields F in the
theory is local, which means that for any fields φ, ψ ∈ F , one has that [φ(f), ψ(g)]± = 0 when
the supports of the test functions f and g are space-like separated5. However, the locality of
F is not guaranteed for all classes of QFTs. In particular, for gauge theories it transpires that
the gauge symmetry of the theory implies a strengthened form of the Noether current conser-
vation condition, and this leads to the possibility of non-local fields [11]. A prominent example
of this is quantum electrodynamics (QED) in the Coulomb gauge, where all the charged fields
are non-local [15]. Nevertheless, it turns out the locality of the field algebra can be preserved,
and this can be achieved by adopting a so-called local quantisation [11]. In local quantisations,
additional degrees of freedom are introduced into the theory, resulting in an extension of the
5This property is called local (anti-)commutativity.
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space of states V . However, an important consequence of this extension is that the inner product
in V is no longer positive definite. So the locality of F is preserved at the expense of violat-
ing the positivity of the inner product in V . Since negative norm states are unphysical, one
must therefore introduce a condition in order to determine the physical states Vphys ⊂ V . For
Yang-Mills theories, BRST quantisation is an important example of a local quantisation. In this
case ghost and gauge-fixing degrees of freedom are added to the theory in order to break the
gauge invariance, and preserve the locality of F . Although the gauge-fixed theory is no longer
gauge invariant, it remains invariant under a residual BRST symmetry, with a corresponding
conserved charge QB. Physical states are specified by the subsidiary condition: QBVphys = 0,
and the corresponding Hilbert space is defined by H := Vphys/V0, where V0 ⊂ Vphys contains
the zero norm states6.
Determining the conditions under which spatial boundary operators vanish is central to under-
standing the differences between classical and quantum non-manifest symmetries. This issue
was first investigated for locally quantised QFTs in [7], where spatial boundary operators B
were rigorously defined as in Eq. (4). It was established that if B annihilates the vacuum state,
then this is both necessary and sufficient to ensure that B = 0, and hence one has the following
theorem:
Theorem 1.
∫
d3x ∂iB
i vanishes in V ⇐⇒
∫
d3x ∂iB
i|0〉 = 0
where
∫
d3x ∂iB
i implicitly involves the smearing in Eq. (4). It should be noted that Theorem 1
differs slightly to the theorem derived in [7] in that it involves the state space V , as opposed
to H. This subtle modification is necessary in order to ensure that the theorem is applicable
to arbitrary locally quantised theories7. As already discussed in section 1, given a classical
non-manifest symmetry with canonical Noether current jµ, one can modify jµ by adding an im-
provement term ∂νB˜
[µν] without affecting its overall conservation. The corresponding charges
Q and Q˜ associated with jµ and j˜µ = jµ + ∂νB˜
[µν] will therefore differ by a spatial boundary
term, the vanishing of which will depend on the boundary conditions of the (classical) fields. In
light of Theorem 1, it follows that spatial boundary operators are similarly not guaranteed to
vanish, and this immediately implies the corollary:
Corollary 1. The charge generator of a quantum non-manifest symmetry is a priori non-unique
Corollary 1 runs contrary to the expectation of much of the established literature [2, 8, 9, 10],
and has to our knowledge not been discussed before. This is in part because it is often incor-
rectly concluded that spatial boundary operators can be assumed to vanish by imposing suitable
classical boundary conditions. The non-uniqueness of a charge operator Q immediately implies
that its action on states is ambiguous, since one can in principle always add an improvement
term to the current such that the transformed charge Q˜ is different to Q. This therefore provides
a non-perturbative obstacle to the consistency of QFTs that are invariant under a non-manifest
symmetry.
Before discussing the consequences of Corollary 1 for specific examples of quantum non-manifest
symmetries, we will first explore the effect that the ambiguity in the charge has on the generation
6The bar implies that H also includes certain limit states [5].
7The requirement for this modification arises because the Reeh-Schlieder theorem, which is central to the proof of
Theorem 1, holds in V but may no longer hold in H, as discussed in [5].
4
of the transformations associated with these symmetries. By using the definition of the quantum
variation δF (Eq. (5)), one has the following theorem:
Theorem 2. If Q˜ = Q+
∫
d3x ∂iB
i, where Q is a charge operator, then
δ˜F := i[Q˜, F ]± = i[Q,F ]± = δF
for all operators F constructed from (local) fields smeared with some test function
Proof. Let |Ψ〉 and |Φ〉 be any arbitrary states, then
〈Ψ|
(
[Q˜, F ]± − [Q,F ]±
)
|Φ〉 = 〈Ψ|
∫
d3x
[
∂iB
i, F
]
±
|Φ〉
= 〈Ψ| lim
R→∞
∫
d4x α(x0)fR(x)
[
∂iB
i(x), F
]
±
|Φ〉
= −〈Ψ| lim
R→∞
∫
d4x α(x0) (∂ifR(x))
[
Bi(x), F
]
±
|Φ〉
= −〈Ψ| lim
R→∞
[
Bi(α∂ifR), F
]
±
|Φ〉 = 0
where the vanishing in the last equality follows because the support of α∂ifR and the test
function in the smearing of F will become space-like separated in the limit R → ∞, and both
Bi and F satisfy local (anti-)commutativity.
Theorem 2 implies that despite the ambiguity in the definition of the generators of quantum
non-manifest symmetries, different charge operators are guaranteed to generate the same sym-
metry transformation. This is in contrast to the classical case, where invariance of the symmetry
transformation8 requires that the boundary conditions of the fields must be such that all spatial
boundary terms are exactly vanishing.
Although Theorem 2 guarantees that different expressions for the charges of quantum non-
manifest symmetries will generate the same transformation, Corollary 1, as outlined previously,
implies that the action of charges on states themselves is potentially ambiguous. However, as a
consequence of Theorem 1, one has the corollary:
Corollary 2. If Q˜ = Q+
∫
d3x ∂iB
i for charge operators Q˜ and Q, then
Q˜|0〉 = Q|0〉 ⇐⇒ Q˜ = Q
Corollary 2 follows immediately from the fact that
∫
d3x ∂iB
i vanishes if and only if it an-
nihilates the vacuum state. Therefore, if any two charges that are related by an improvement
transformation act in the same manner on the vacuum state, this is both necessary and sufficient
to imply that these charges are equal. In other words, knowledge of how the charge operators of
non-manifest symmetries act on the vacuum is sufficient to uniquely define them. This means
that in contrast to manifest symmetries, where the conserved current and hence the charge Q
are canonically determined (i.e. Bµ ≡ 0 in Eq. (1)), quantum non-manifest symmetries require
additional physical input in order to specify Q.
8For classical field theories, Poisson brackets are instead used to define the symmetry transformation δF .
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2.2 Spontaneous symmetry breaking
An important feature of any QFT is the phenomenon of spontaneous symmetry breaking (SSB).
In general, the criterion for a quantum symmetry to be spontaneously broken can be charac-
terised by the theorem [16]:
Theorem 3. A symmetry is spontaneously broken ⇐⇒ ∃ϕ ∈ F such that 〈δϕ〉 6= 0
where F is the (local) space of fields in the theory, δ is the symmetry variation defined in Eq. (5),
and 〈·〉 is the vacuum expectation value. In light of Corollary 1, it is important to establish
whether there is a subsequent ambiguity in determining whether a non-manifest symmetry is
spontaneously broken or not. As a consequence of Theorems 2 and 3, one has the following
corollary:
Corollary 3. The criterion for a non-manifest symmetry to be spontaneously broken is inde-
pendent of the choice of charge
This means that although the charges Q of non-manifest symmetries are in general not unique,
since it is always possible to perform an improvement transformation Q → Q˜, one can equally
use any of these charges to establish whether SSB occurs (via Theorem 3) without ambiguity.
Often SSB is characterised by the action of the charge Q on the vacuum state, and in particular
that SSB occurs if and only if Q|0〉 6= 0 [17, 18]. However, the problem with this condition is
that unlike Theorem 3, the action of Q on the vacuum state is not invariant under improvement
transformations Q→ Q˜, and is therefore ambiguous for non-manifest symmetries. In fact, due
to Corollary 2, knowledge of Q|0〉 is required in order to uniquely define Q in the first place.
Therefore, if it were true that SSB could be solely characterised by Q|0〉, then this would mean
that the physical input required to define Q would automatically also determine whether the
symmetry is spontaneously broken or not. But this cannot be the case, because this would imply
that every non-manifest symmetry could only either always be broken or always unbroken, but
not both.
3 Examples of quantum non-manifest symmetries
As outlined in section 2, quantum non-manifest symmetries have many interesting and subtle
features. In this section we will discuss these features in the context of some prominent examples
of these symmetries.
3.1 Translational invariance
The invariance of a QFT under spacetime translations is an important example of a quantum
non-manifest symmetry. In this case, the conserved current is the energy-momentum tensor T µν
and the corresponding charge is the energy-momentum operator Pµ. By applying the results
of section 2, and in particular Theorem 1 and Corollary 1, it follows that T µν , and hence Pµ,
are ambiguously defined. Nevertheless, it is frequently cited in the literature [2, 8, 10] that one
can always add an improvement term to T µν without modifying the corresponding charge. A
prominent example of this is the symmetric Belinfante energy-momentum tensor T µνB and the
canonical current T µνc , which are related (by an improvement term) as follows [19]:
T µνB = T
µν
c + ∂ρG
[µρ]ν . (6)
Now although Theorem 2 implies that the corresponding charges PµB and P
µ
c are both generators
of translations, it is not necessarily the case that these operators act in the same manner on
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states9. This in fact highlights a deeper problem – how does one determine which energy-
momentum operator is correct? It is clear that in order to answer this question one requires
additional physical information10. In QFTs, the energy-momentum operator Pµ plays a special
role in characterising the vacuum state |0〉. In particular, axiomatic formulations of QFT assume
|0〉 to be the unique translationally invariant state [3, 4, 5], which means it satisfies the condition:
Pµ|0〉 = 0. Since Corollary 2 implies that Pµ is uniquely defined by its action on |0〉, this
condition provides a solution to the problem of which energy-momentum operator is physically
relevant. In other words, if one can demonstrate that a certain expression for Pµ (e.g. PµB or
Pµc ) annihilates the vacuum, then this is sufficient to prove that this is the only charge that
satisfies this property, and must therefore be the physical energy-momentum operator.
3.2 Lorentz invariance
Invariance under Lorentz transformations is another example of a non-manifest symmetry. The
conserved current is Mµνλ, and the corresponding charge is Mµν . Just like with the energy-
momentum tensor, one has both Belinfante MµνλB = x
νT µλB − x
λT µνB and canonical M
µνλ
c cur-
rents which are both conserved, and differ by an improvement term. Similarly, it follows from
the conclusions in section 2 that the charges MµνB and M
µν
c are both generators of Lorentz
transformations, but are not necessarily the same operator. This again raises the same problem
of how to establish which charge is physically relevant. As discussed in section 3.1, axiomatic
formulations of QFT assume that the vacuum state |0〉 is the unique translationally invariant
state. It transpires that this assumption implies that |0〉 is also invariant under Lorentz trans-
formations [11], and hence Mµν |0〉 = 0. Due to Corollary 2, this physical condition therefore
provides a way in which Mµν can be uniquely determined. It should be noted that although the
conditions Pµ|0〉 = 0 and Mµν |0〉 = 0 appear relatively simple, their verification is not neces-
sarily straight-forward, especially in QFTs such as quantum chromodynamics (QCD) where the
vacuum state has a non-trivial structure [21]. Nevertheless, in principle these conditions could
be verified using a non-perturbative approach such as lattice QFT.
Much of the discussion in the literature regarding the currentMµνλ centres around the construc-
tion of angular momentum operators J i = 12ǫ
ijk
∫
d3xM0jk. In particular, an open problem in
QCD which has received both significant theoretical and experimental focus, is the question of
whether the angular momentum operator JQCD has a meaningful decomposition into separate
quark and gluon contributions [20, 22, 23, 24]. There are many different proposed decompo-
sitions of JQCD, but they all have in common the fact that they are constructed by adding
improvement terms to the canonical Mµνλc or Belinfante M
µνλ
B Lorentz currents. Although it
remains uncertain which (if any) of these decompositions is physically meaningful [7, 20], this is
directly related to issue of whether certain spatial boundary operators vanish or not. Ultimately,
if the physical Lorentz charge Mµν (where Mµν |0〉 = 0) could be determined, this would be a
significant step in answering this question.
3.3 Supersymmetry
Supersymmetry corresponds to an enlargement of the Poincare´ group of spacetime symmetries,
and is another prominent example of a non-manifest symmetry. Invariance under supersymmet-
9This potential difference between PµB and P
µ
c has been largely ignored in the literature, but has been emphasised
before in [20].
10It is sometimes concluded that the Belinfante generator is more physically motivated because T µν is symmetric
when defined as the variational derivative of the action with respect to the metric in General Relativity. However, as
pointed out in [20], T µν need not be symmetric if one loosens the requirement that gµν is symmetric and covariantly
constant (∇σg
µν = 0), as is the case in Einstein-Cartan theory.
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ric transformations implies a conserved current Sµα, which gives rise to a spinor-valued charge
Qα. An important feature of supersymmetric QFTs is that unlike the operators P
µ and Mµν
in non-supersymmetric theories, there is no equivalent physical requirement as to how Qα (or
Q†α) should act on the vacuum state. If one were to similarly assume on physical grounds that
Qα|0〉 = 0 (and Q
†
α|0〉 = 0), then this would imply:
〈δϕ〉 = 0, ∀ϕ ∈ F (7)
and hence any physical supersymmetric QFT would have to have unbroken supersymmetry. The
problem with this criterion is that unlike Poincare´ symmetry, SSB plays a particularly important
role in the characterisation of physically realistic supersymmetric theories. The reason for this
is that the supersymmetry algebra implies that every known particle must have a corresponding
supersymmetric partner, with equal mass [17, 18]. Since these additional particles have never
been observed, it is concluded that supersymmetry must be spontaneously broken [17, 18], and
so this rules out Qα|0〉 = 0 as a general physical criterion. So if such a criterion did exist then
it would necessarily have to imply that Qα|0〉 is a non-vanishing state. But since there is no
clear physical principle as to what state Qα|0〉 should be, it follows from Corollaries 1 and 2 that:
Corollary 4. The supersymmetric charge Qα is non-unique
Due to Theorem 2 and Corollary 3, the ambiguity in the definition of Qα does not affect the
generation of supersymmetric transformations, nor the determination of whether the supersym-
metry is spontaneous broken or not. Nevertheless, because the structure of Qα is not fixed, the
action of Qα on states is not uniquely defined. Ultimately, this means that the supersymmetric
space of states cannot be constructed in a consistent manner, and this therefore provides a
non-perturbative obstacle to the consistency of supersymmetric QFTs.
4 Conclusions
Non-manifest symmetries play an important role in QFT, and yet the quantisation of these
symmetries is still not fully understood. Although it well known that the ambiguity in the
definition of the conserved currents associated with these symmetries provides the freedom to
define different charges, often classical arguments are incorrectly employed to justify that these
charge operators are physically equivalent. The central issue in this regard is to determine
the conditions under which spatial boundary operators vanish. It turns out that for locally
quantised theories, there in fact exists both a necessary and sufficient condition for when this
class of operators vanishes. By applying this condition it follows that the charge operators
of non-manifest symmetries are non-unique, but different expressions for the charge operator
still generate the same symmetry transformations. In the context of SSB, these results ensure
that in spite of the non-uniqueness of the charge, the criterion for SSB is not affected by this
ambiguity. Nevertheless, the charge non-uniqueness is still potentially problematic because it
remains unclear as to how the charge operator acts on states. A prominent example of this
is the definition of the energy-momentum Pµ and Lorentz charges Mµν associated with the
non-manifest symmetries of spacetime translation and Lorentz invariance. In each case, both
canonical and Belinfante charges can be defined, but it is unclear which of these operators (if
either) is more physically relevant. A solution to this problem is to use the physical assumption
that the vacuum is the unique translationally invariant state, because it follows that a knowledge
of how these operators act on the vacuum is enough to uniquely define them. However, in the case
of supersymmetry, there is no such physical requirement as to how the supersymmetric charge
Qα should act on the vacuum. So by contrast to P
µ and Mµν , Qα is not uniquely defined,
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and this therefore introduces a non-perturbative obstacle to the consistency of supersymmetric
QFTs.
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